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Black holes are studied in the frames of superstring theory using a non-trivial numerical integration method. A
low energy string action containing graviton, dilaton, Gauss-Bonnet and Maxwell contributions is considered. Four-
dimensional black hole solutions are studied inside and outside the event horizon. The internal part of the solutions
is shown to have a non-trivial topology.
1. Introduction
In the recent years there was a heated discussion about
the nature of dark matter. Among possible candidates
there are black holes. Studying their properties in the
frames of superstring theory, one can hope to clar-
ify some aspects of the dark matter nature. That is
one of the reasons for a great interest in investiga-
tions of the low energy string action in four dimen-
sions. Some researches [1, 2, 3, 4, 5, 6] found that
the well-known solutions (such as the Schwarzschild
one or Gibbons-Maeda-Garfincle-Horowitz-Strominger
(GM-GHS) one) should be modified by higher order
curvature corrections.
In our previous work [5] the internal structure of
black hole solutions for the Lagrange density L =
m2Pl(−R + 2∂µφ∂µφ) + λ e−2φSGB were studied. It
is of interest to find the influence of the Maxwell term
on black hole solutions of 4D low energy string grav-
ity with the second-order curvature corrections. Some
researchers [2, 6] consider the bosonic part of the gravi-
tational action consisting of dilaton, graviton, Maxwell
and Gauss-Bonnet (GB) terms (for simplicity, the an-
tisymmetric tensor terms are ignored) taken in the fol-
lowing form:
S =
1
16pi
∫
d4x
√−g
[
m2Pl(−R+ 2∂µφ∂µφ)
− e−2φFµνFµν + λ e−2φSGB
]
, (1)
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where R is the scalar curvature, φ is the dilaton field,
mPl is the Planck mass; FµνF
µν is the Maxwell field
and λ is the string coupling parameter. The last term
describes the GB contribution (SGB = RijklR
ijkl −
4RijR
ij + R2 ) to the action (1). Such configurations
were partly studied [2] by the perturbative analysis
O(λ) outside the event horizon (rh ) when rh ≫ mPl .
The authors showed that the black hole solution are
real and provide non-trivial dilatonic hair. The so-
lutions beyond the event horizon are very important
from the viewpoint of quantum gravity because it is
generally believed [7] that in the regions of space-time
with sufficiently small curvature a classical solution
gives the main contribution to the global structure of
the space-time. Quantum corrections may drastically
modify the properties of space when the curvature is
large enough. A study of complete black hole solutions
for the action (1) is the aim of this work.
2. Field equations
The aim is to find static, asymptotically flat, spheri-
cally symmetric black-hole-like solutions. In this case
the most convenient choice of the metric is
ds2 = ∆dt2 − σ
2
∆
dr2 − f2(dθ2 + sin2 θdϕ2), (2)
where the functions ∆, σ and f depend only on the
radial coordinate r . Substituting the expressions of R
and SGB into the action (1) and integrating this mod-
ified action by parts and over the angle variables, one
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can rewrite it in a somewhat more convenient form (for
the present analysis the boundary term is not relevant
and is ignored)
S =
1
2
∫
dtdr
[
m2Pl
(
∆′f ′f
σ
+
∆(f ′)2
σ
+ σ − ∆f
2(φ′)2
σ
)
− e−2φq2 σ
f2
+ 4 e−2φλφ′(
∆∆′(f ′)2
σ3
− ∆
′
σ
)
]
. (3)
We will consider a black hole with a purely mag-
netic charge, so that the Maxwell tensor Fµν can be
written in the form F = q sin θ dθ ∧ dϕ . The corre-
sponding field equations in the GHS gauge [σ(r) = 1]
are
m2Pl(f
′′f + f2(φ′)2)
+ 4 e−2φλ[φ′′ − 2(φ′)2][∆(f ′)2 − 1]
+ 4 e−2φλφ′2∆f ′f ′′ = 0,
m2Pl(1 + ∆f
2(φ′)2 −∆′f ′f −∆(f ′)2)
+ 4 e−2φλφ′∆′(1− 3∆(f ′)2)− e−2φq2f−2 = 0,
m2Pl[∆
′′f + 2∆′f ′ + 2∆f ′′ + 2∆f(φ′)2]
+ 4 e−2φλ[φ′′ − 2(φ′)2]2∆∆′f ′
+ 4 e−2φλφ′2((∆′)2f ′ +∆∆′′f ′ +∆∆′f ′′)
− 2 e−2φq2f−3 = 0,
− 2m2Pl[∆′f2φ′ + 2∆ff ′φ′ +∆f2φ′′)
+ 4 e−2φλ((∆′)2(f ′)2 +∆∆′′(f ′)2
+ 2∆∆′f ′f ′′ −∆′′]− 2 e−2φq2f−2 = 0. (4)
It is necessary to note that the GM-GHS solution
ds2 =
[
1− 2M
r
]
dt2 −
[
1− 2M
r
]
−1
dr2
− r
[
r − q
2 exp(2φ0)
M
]
dΩ,
exp(−2φ) = exp(−2φ0)− q
2
Mr
, (5)
is the basic solution for the U(1) purely magnetic case
(when λ = 0). If F = 0 in (1), the basic solution is the
well-known Schwarzschild one with a constant dilaton
field (according to the “no-hair” theorem). Moreover,
the solution of Eqs. (4) at infinity must have the GM-
GHS form.
3. Numerical Results
For integrating inside the event horizon a method
based on integration over an additional parameter was
used as described in our previous paper [5]. The main
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Figure 1: The dependence of the metric functions ∆ (a),
f (b) and the dilaton function e−2φ (c) on the radial co-
ordinate r when the event horizon radius rh is equal to
20.0 Planck unit values (P.u.v.) and the magnetic charge
is q < qcr .
result of that work is the following. An asymptoti-
cally flat black hole solution for the action (1) without
the Maxwell term exists from infinity down to the end
point r = rs (see Fig. 1 in Ref. [5]) inside the reg-
ular event horizon (rh ). When rh is large enough
(the contribution of the second order curvature cor-
rections is small) the position of the end point of the
solution is rs ≪ rh . As rh decreases (the GB term
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Figure 2: Critical magnetic charge qrmcr vs. regular event
horizon radius rh for λ = 1.
contribution increases), the distance between rs and
rh becomes smaller and smaller. The curvature in-
variant also diverges near the position r = rs . An
additional (nonphysical) branch of the solution begins
at the point rs and exists up to a point rx which may
be called a singular horizon. There is no other solution
in the neighborhood of rs .
When one includes the Maxwell term in the action
(1), the resulting picture is as follows. Black hole so-
lutions of Eqs. (4) exist only in the range of the mag-
netic charge values 0 ≤ q ≤ m√2, as in the GM-
GHS case. The solution behaviour outside the reg-
ular event horizon rh looks like the GM-GHS one,
which coincides with the results of Mignemi [2] and
Maeda [6]. The solutions behaviour inside the regu-
lar event horizon rh depends on the magnetic charge
q . When q is quite small, the solutions have a form
analogous to the purely Einstein-dilaton-Gauss-Bonnet
(EDGB) case (see Fig. 1) because the contribution of
the second-order curvature term is “stronger” than the
Maxwell one. The curvature invariant RijklR
ijkl and
the components T 00 and T
2
2 of the stress-energy tensor
diverge near the position rs . Hence one can conclude
that the point rs represents a “pure scalar singular-
ity” (see e.g. the classifications of space-time singu-
larities in [8, 9]). With increasing q the contribution
of the Maxwell term becomes greater and greater and
at some q = qcr the behaviour of the solution changes
and the turning point rs disappears. The dependence
of the critical magnetic charge value on the event hori-
zon radius rh is depicted in Fig. 2. It is necessary
to note that, when q < qcr , the quantity q is rather
small and in all the particular points (namely, rh , rs ,
rx ) one can use asymptotic expansions obtained for
the pure EDGB case [5]. When q > qcr , the main
asymptotically flat branch (∞ . . . rh . . . rs) and the ad-
ditional nonphysical branch (rs . . .) merge to form a
-2.5
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Figure 3: The dependence of the metric functions ∆ (a),
f (b) and dilaton function exp(−2φ) (c) on the radial co-
ordinate r when the event horizon radius rh is equal to
20.0 Planck unit values (P.u.v.) and the magnetic charge
is q > qrmcr .
single asymptotically flat black hole branch that ex-
ists from infinity down to the point where the metric
function f vanishes. The function f and the dila-
tonic function e−2φ have the same behaviour as in the
GM-GHS case. The metric function ∆ exhibits a local
minimum not far from the position where f vanishes
— this feature is absent in the GM-GHS solution (see
Fig. 3).
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4. Discussion and conclusions
In this work we have obtained black hole solutions
with nontrivial dilatonic “hair” for low-energy effective
string action with second-order curvature corrections
and a Maxwell magnetic field.
The solutions are characterized by the ADM mass
M , the dilaton charge D and the asymptotic dila-
ton value φ∞ . They are stable under fluctuations of
initial conditions. Since these solutions have a non-
perturbative nature, they are not restricted by any
perturbative parameter values.
One interesting result of this work is the coinci-
dence of the solutions of EDGB and EDGB+e−2φF 2
systems in the case q < qcr and the appearance of the
rs singularity inside the black hole after adding the GB
term to the action. This singularity has the topology
S2×R1 , i.e. it is an infinite (in t direction) “tube” of
radius rs . A similar “tube” in the Schwarzschild met-
ric with an additional condition of RabcdRabcd finite-
ness was discussed by V. Frolov et al. [7]. There are
two solutions on this “tube”. The asymptotically flat
solution, which is the main one, starts from rs and
continues to infinity. Outside the regular event hori-
zon the solution looks like the GM-GHS one, which
agrees with the results of Mignemi [2], Maeda [6] and
Kanti [3]. The additional nonphysical solution branch
provides the existence of a “singular” inner horizon
with RijklR
ijkl →∞ . Some solutions exist inside the
“tube” rs , but they are unstable under initial con-
dition fluctuations, and we cannot distinguish, which
branch, main or additional, they correspond to. In the
case q > qcr the solution looks like the GM-GHS one
outside and inside the regular event horizon rh , with
an additional local maximum of the metric function
∆.
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